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TIME DECAY FOR THE NONLINEAR BEAM EQUATION*
STEVEN P. LEVANDOSKYt AND WALTER A. STRAUSS* Abstract. We derive an analogue of Morawetz' radial identity for the case of a fourth-order wave equation. It follows that, for a nonlinear term with repelling sign, all the solutions decay to zero in a certain sense as t ->• 00. This is an initial step in the construction of a scattering theory for such nonlinear waves.
Cathleen Morawetz wrote a short but seminal paper in 1968 on the nonlinear Klein-Gordon equation in which she proved her important Radial Identity and deduced the decay of the local energy of solutions. This identity subsequently had several other important consequences. It was the key ingredient in the proof that all states are scattering states for the Klein-Gordon equation with nonlinear terms with repelling signs, proved in several stages of increasing generality [MS] [Br] . Analogues of it were also used in the scattering theory for nonlinear Schrodinger equations [LS] [GV1], for nonlinear wave equations with zero mass [GV2] , and for Hartree equations [GV3] . It was also recently used to prove the well-posedness of critical nonlinear Schrodinger equations [B] [G] . A pseudodifferential generalization of it was also used to prove that the local energy of a solution of the linear wave equation satisfying the Dirichlet boundary condition in the exterior of a non-trapping obstacle decays to zero [MRS] .
However, nothing of this sort is known for an equation of order four like In this note we consider the global scattering problem for the fourth-order nonlinear beam equation. By a rather long but totally explicit calculation, we prove an exact analogue of Morawetz' Radial Identity. The integrability in time of certain quantities follows automatically. We conjecture that, for the nonlinear beam equation for f(u) = u+ \u\ p '~1u with l + ^<p<l + ^j-, all states are scattering states. This note is a report of work in progress and at the end of it we discuss some supporting evidence for the scattering conjecture.
1. The identity. For equation (1) 
where P > 0 un7/ 6e ^zven explicitly below, r = \x\ and u r --• Vw.
Proof. We multiply equation (1) by the skew-adjoint expression Bu = u r + ^^ru. Then the first and third terms in (1) give
where dk = d/dxk and we sum over repeated indices fc. We shall also use the symbol « to indicate that two quantities differ by pure spatial derivatives. Then we can write
Thus we have accounted for the first and last terms in (2). It remains to calculate {& 2 u){Bu). We begin by using the relation
where the subscripts denote partial derivatives, to compute
2 r 3 = / + // + ///.
The first term J we rewrite as
The second term // becomes
and the third term /// can be written as n-1 /I !// = Adding /, // and ///, we obtain
The first two terms in (4) simplify to
The remaining terms in (4) are
We evaluate these five terms as follows.
,2 , ("-3), T7 .,, 2 3(n-3)«; 2r (n-3)(n4r
3 -"W-^ul Summing the boxed terms leads to the expression
The last term in (6) corresponds to the second-to-last term in (2). We wish to rearrange the other terms in (6) to be manifestly non-negative. For convenience we introduce the notation Thus our expression can be written as
When summed, the middle term vanishes while XX^.?
Thus Claim 2 follows from Claim 1.
This expression must be squared and then summed over i. Now We note that, by a form of Schwartz' inequality, P > 0. In case n = 5, the calculation of the term c given above must be modified. In fact, in that case
Thus the last term of c does not vanish but instead equals
If n = 5, this non-negative term should be included in P. This completes the proof of Theorem 1. 
(13) sup up / |i/| 2^ < cE provided n = 5.
x Jo
Proof. From (1) we get the boundedness of u in iJ 2 (E n ). Therefore the first integral in (2) is bounded by a multiple of E. Each of the other terms in (2) is nonnegative. We integrate (2) over a time interval [0,T] and then let T -> oo. The last term in (2) then gives (10), while the second and third terms in (2) give (11) and the fourth term in (2) gives (12). The estimate (13), special to n = 5, follows from the term (9) in the proof of Theorem 1 where the origin is shifted to an arbitrary point x. U In the typical example f(u) = u + l^-1^ where p > 1, we have the integrability in space-time of r-1 |i/| p+1 . We conjecture that the local energy, that is, the norm in H 2 (Ct) x L 2 (fi) for any bounded domain ft C E n , is integrable and tends to zero as t -> oo. This conjecture ought to be demonstrable by the same kind of technique as in [M] and [SI] .
A solution u of (1) We conjecture that under certain conditions all the states are scattering states. Two main ingredients for proving this conjecture are already known. The first one is a statement that there is some weak decay of solutions of (1). If n > 5 and the nonlinear term has the repelling sign, this is Corollary 2, especially estimate (10). By the method of [N] we ought to be able to extend this estimate to a similar one for the lower dimensions n < 4. The second ingredient is an appropriate decay estimate for the linear equation (14). This too is known, in the form
Mm Lq{Rn) <c(i+tr^-n^v m\x
where X = H 2 x L 2 is the energy space and 2 < q < 2 + 8/(n -4). The upper bound on q can be improved to oo if n < 6. Furthermore, there is the space-time estimate \\V\\L*(R»+I)<C\\V(0)\\X for 2 + 8/n < q < 2 + 12/(n -4). We also note that equation (1) is globally wellposed in energy space if the sign is repelling and p < 1 + 8/(n -4). Using these ingredients we believe it is possible to prove the scattering conjecture at least for 1 + 8/n < p < 1 4-8/(n -4), following the method of [MS] or a variant of it, for smooth solutions and probably also for arbitrary finite-energy solutions. The secondorder analogue is discussed in Chapter 6 of [S2] .
